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Abstract 

The geometrical description of deformation quantization based on 
quantum duality principle makes it possible to introduce deformed 
Lie-Poisson structure. It serves as a natural analogue of classical Lie 
bialgebra for the case when the initial object is a quantized group. 
The explicit realization of the deformed Lie-Poisson structure is a 
difficult problem. We study the special class of such constructions 
characterized by quite a simple form of tanjent vector fields. It is 
proved that in such a case it is sufficient to find four Lie compositions 
that form two deformations of the first order and four Lie bialgebras. 
This garantees the existence of two families of deformed Lie-Poisson 
structures due to the intrinsic symmetry of the initial compositions. 
The explicit example is presented. 
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1 Introduction 



Quantum duality principle asserts that quantization of a Lie bialge- 

bra (A, A*) gives rise to a dual pair of Hopf algebras (U P (A), U P (A*)) or in 
dual terms - (Fun p (G),Fun p (G*)).Here G and G* are the universal covering 
groups for A and A* respectively. Every quantum algebra of this type can 
be interpreted as a quantum group (in quantum formal series Hopf terms), 

U P (A) « (Fun p (G*)), 

and vice versa. This leads to the natural dualization of classical limits for a 
given quantized object. 

Thus the canonical form of deformation quantization of Lie bialgebra 
(A, A*) must be a 2-parametric family of Hopf algebras with two dual classical 
limits. Within certain assumptions this family forms an analytic variety T> 
and the classical limits - its boundary. The existence of a variety T> with 
such properties is equivalent to attributing its members the quantum duality. 
The Lie bialgebra appears here in the form of two vector fields tangent to T>. 

^From the point of view of Lie-Poisson structures and their symmetries it 
can be shown natural to consider the varieties of this type and their bound- 
aries entirely placed in the domain of noncommutative and noncocommu- 
tative Hopf algebras. In this case the main property of quantum duality 
is preserved and the obtained deformed vector fields can be treated as a 
deformed Lie-Poisson construction with respect to a quantized group. 

The paper is organized as follows. In section 2 we describe the main 
features of canonical dual limits and varieties of the type T>. The deformed 
("lifted") T> z versions of T> are defined in subsection 2.2 as analogs with 
noncommutative and nonco commutative boundaries. In section 3 the general 
properties of multiplication and comultiplication deforming functions in T> z 
are discussed. The sufficient conditions for the existence of the deformation 
T> — > T> z are established in section 4. All the constructions involved are 
explicitly illustrated by the example considered in Section 5. 

2 Deformed Poisson structures 
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2.1 Dual limits. Analytic variety T> 

Consider the variety TC of Hopf algebras with fixed number of generators. Its 
points H G TL are parameterized by the corresponding structure constants. 
We must find a (smooth) curve in TC containing U P (A) and intersecting with 
the orbit Orb(Fun(G*)). In the limit to be obtained the multiplication m 
in U P (A) must become Abelian. For the universal enveloping algebra U(A) 
such a procedure is trivially described by a contraction. The corresponding 
transformation of basis {a;}, 

B(t) : Oj -> Oi/t, (1) 
leads to new structure constants C[ k , 

<%(t) = tC? r (2) 

Algebras U (At) form a line in OrbU (A) with the limit point U (Aq = Abelian). 
Applying operators B(t) to U P (A) we obtain a smooth one-parametric curve 

B(t)U p (A) = U p (A t ) (3) 

in the orbit Oib(U p (A)) and in TC - the 2-parametric subset 

{^(A) W>o = 2>(A^*) (4) 

formed by the dense set of smooth curves. 

T>(A, A*) is an analytic variety with the coordinates p and t but the 
coproduct structure constants may tend to infinity when t — *■ 0. According 
to the results of [0] and || there always exists such a reparameterization of 
T> that in new coordinates both limits exist. In [[| it was demonstrated that 
for a certain class T of quantizations the required reparameterization is very 
simple. 

The class T is fixed by the following conditions (see [|J ): 
(a) equations 

(m(id ® S)A) lv{A) = (m(S g> id)A) iy(A) = (r]t) iV{A) 
define uniquely the antipode S of U P (A). 
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(b) 

((S T <g> id) A) lv(A) = {{S® id)A) mA) , 
((id <g> S T ) A W) = (( id ® S)A) mA) 

(here Sjis a linear operator : H — > if that coincides with the antipode 
5 on V(A) and is homomorphically extended to H ; Sf(l) = 1 ). 

If the Hopf algebra £/ p (^4) belongs to JF the second classical limit can be 
visualized by a simple change the parameters: 

(p,t)=MM), /i = j>/*. (5) 

Then the coproduct in £4(A t ) becomes well defined in the limit t — > (with 
ft. fixed) while the multiplication structure constants in these new coordi- 
nates preserve their finite limit values. The limit points correspond to Hopf 
algebras with Abelian multiplication. They form an analytic curve Vh- Each 
point of this curve can be interpreted as an algebra of exponential coordinate 
functions on the group G* h : 

lim t ^ U h (A t ) = U h (A ) « Fun(G*) (6) 

The limit h — > describes the trivial contraction of G* h into the Abelian 
group AB. 

Thus every deformation quantization of the type T can be written in the 
form U h (A t ) (respectively Fun t (G* h )) that reveals two canonical dual classical 
limits: 

U h (A t ) 

h i/ % S \ l t 

U{A t ) Fun h (G t ) Fun(G^) « C/ h (Ab) (7) 
| / \ $ 

Fun(G t ) Pun ft (^B) « C/(^) 

All the reasoning is invariant with respect to interchange A # A*. 
2.2 Deformed variety Pj 

It was also demonstrated that for a given analytic variety 2\ t one can easily 
(and, up to equivalence, uniquely) reconstruct the corresponding Lie bialge- 
bra (A, A*). Thus the Lie bialgebra and the corresponding Lie-Poisson struc- 
ture can be identified with the analytic subvariety 2\ 4 of TC whose boundaries 
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are formed by the contraction curves of U(A t ) and Fun(G^) intersecting in 
the common limit - U(Ab) ^Fun(AB). 

To analyze the corresponding construction for quantum algebras and 
quantum groups one must study the possibility to "lift" the whole picture 
(that is the variety 2\ it with its boundaries) in the domain of noncommuta- 
tive and nonco commutative Hopf algebras in 7i. Suppose such lift exists, in 
this case the corresponding quaziclassical limits form the contraction curves 
of quantized algebra and quantized group. They still have a common limit, 
but now one finds in the intersection point nontrivial Hopf algebra instead 
of Abelian and co-Abelian one. 

According to the quantization ideology we must be able to treat the ob- 
tained picture as a deformation of the initial T>h,t- One is to attribute an extra 
deformation parameter z to the obtained varieties V ht ^ zi T> h t tfz 2\ t .Thus 
to describe the deformed Lie-Poisson construction for a given Lie bialge- 
bra (A, A*) one must find in 7i a tree-dimensional analytic subvariety 
From beneath it is delimited by the initial T>h,t,o -The other two facets - 
£>cm,z and Vh,o,z - can not be interpreted as canonical deformation quanti- 
zations. Parameter z describes here the simultaneous change of both the 
multiplication and comultiplication in D ,t,oand 2\o,o respectively - the sit- 
uation similar to that appearing in quantum analogs of cotangent bundle 
[||]. Among the intersections of facets the lower two - T> Q ^ Q and 2\o,o ~ are 
the initial dual classical limits while the third one - T> Qt0tZ - describes the 
trivial contraction of the Hopf algebra that plays the role of commutative 
and cocommutative one in the deformed case. 

The vector fields V 0) t >x and Whfl, z tangent to T> h ^ tz and normal to V 0tt>z 
and T>h,o, z respectively play here the role of deformed Poisson compositions 
for Funl(G) and Fun z (G*). 

3 Analytic properties of Dh,t,z 

Let m(t, h, z) and A(t, h, z) be the projections of multiplication and comulti- 
plication in Hh,t,z £ 2\t,z on the space AAA and A respectively. Then their 
Taylor expansions are 

m(t, h,z)= t i h j z k m ijk , (8) 

i,j,k=0;(i,j,k)^(0,l,0) 
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A(t,h,z) = t i Wz k A ijk . (9) 

i,i,fe=0;(i,i,fc)^(l,0,O) 

Missing terms in the expansion correspond to the property of the deformation 
quantization T)h,t,o where the multiplication in Uh{A) and the comultiplica- 
tion in Fun t (G) are untouched in the first order. Here m 000 and A 000 refer to 
the commutative multiplication and primitive comultiplication respectively; 
in combersome expressions we shall denote them simply by m and A . 
Let fj, and S be the antisymmetrized compositions for m and A, 

V{t,h,z)= ?tiz k \i ijh , (10) 

k = 

(i,j,k)^{0,0,0),(0,j,0) 

5(t,h,z)= Yl (11) 

i,j, k = 
fc)^(0,0,0),(i,0,0) 

The compositions /iioo and <5 io are just the A and A* Lie multiplication and 
comultiplication. 

Consider now the neighborhood of #0,0,0 £ T^h,t,z and write the bialgebra 
properties of H t ,h,z in terms of fi and 5: 

5o /j,= (m ® A m) o (id <g> r <g> id) o (A <g> A A), (12) 

here 

m ® A m = (m ® m) o (id — r <g> r), (13) 

A<g> A A = (id- r®r) o (A <g> A). (14) 



Inserting the expansions (|10|,[TT]) in the first nontrivial order one finds: 

z 2 5 oi o /xqoi + tMoio Atioo + te^ooi A*ioo + hz5 QW A*ooi = 
z 2 (m ® /i oi + A*ooi ® m o) (id <8> r ® id) o (A <g> 5ooi + #001 ® A ) + 
£/i(ra <8> A*ioo + A*ioo <£> Wo) (id <8> r <g> id) o (A ® 5oio + #010 <8> A ) + 
t2;(m ® /iioo + yUioo ® m ) o (id ® r <g> id) o (A ® <5ooi + #ooi <8> A ) + 
te(m ® /xooi + ^001 <£> Wo) (id <8> r <g> id) o (A <g> 5oio + #010 <£> A ). 

(15) 

Contrary to the situation with the ordinary Lie bialgebra quantization (that 
is typical to T>h,t,o) the four relations obtained from ([15] ) refer only to the 
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facets of T>h,t,z ■ To describe the necessary deformation into the nontrivial 
three-dimensional domain in 7i one must consider the higher orders with 
much more complicated relations. Thus one of the 3-d order equations (the 
thz -coefficients) looks like 

£001 A*no + <W A*ioi + ^110 A*ooi + <W A'ioo = 
(m ® //no + /tno <8> mo) o (id <g r <g> id) o (A ® <W + <W ® A ) + 
' m <S> /tioi + /«ioi ® m + \ 

m ooi ® Atioo + ^001 ® m ioo+ o(id <g r <g id)o(A <g 5 io + 5 io <g A ) + 
\ mf 00 <g /tooi + /tioo <8> ™ooi / 

/ A <g> Sou + (Jon <8> A + \ 
(m <S> /tioo + AHoo ® ™o) o (id <g r <g id) o A^ 01 ® 5 io + <W ® Ag 10 + + 

V A oio ® <W + <W ® Ag 01 / 
(m ® /tooi + /«ooi ® ™o) ° (id <g r <g id) o (A (g 5 110 + 5 no <g> A ). 

(16) 

Note that symmetric parts denoted by mf^and A|- fc also appear in this re- 
lation. 

To be able to obtain the explicit realizations of deformed Lie-Poisson 
construction one must investigate the possibility to simplify the deformation 
equations imposing some restrictions on the bialgebras involved. 



4 Twice-first-order class of deformations 

Here we shall formulate the conditions that will guarantee the existence of 
the nonempty T> h t z . In some sense this will also show the way how to realize 
it explicitly. 

Theorem. Let 

1. A be a Lie algebra and A* - a Lie coalgebra fixed by the compositions 
/tioo : V A V -> V and 5 0W : V -> V A V/, 

2. /t 00 i and 5 oi be the deforming functions defining first order deforma- 
tions of A and A* respectively 

3. the following four pairs of compositions be Lie bialgebras: (/tioo> ^010)) 

(/^OOl^Olo), (/*100)<W)i (/^OOl, ^001 )• 
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Then there exists in 7i the three-dimensional analytic subvariety T>h,t,z 
(h, t, z G K) such that 

1. for every fixed z 7^ the corresponding two-dimensional subvariety 
V h t ~ has the boundaries consisting of one-dimensional V 1 ~ and V h0 ~ 
and zero- dimensional T> ~ subvarieties that can be identified with the 
contractions of (in general noncommutative and noncocommutative) 
Hopf algebras H 1 ~ and H h ~ with the common limit H 00 ~ (in general 
noncommutative and noncocommutative), 

2. in the limit 

lim V htz = 2\i )0 

the subvariety X^^o describes the deformation quantization of the Lie 
bialgebra (/iiocb ^010) with the curves T> o t o and 2\o,o presenting the 
canonical dual classical limits for Hh,t,o, ^0,0,0 coincides with the com- 
mon contraction limit of -£^o.t,o and Hh,t,o* 

Proof. According to the condition 2 for every h, t,z,EK the compositions 

^101 = ^001 + ^100; (17) 

and 

<$on = z^ooi + ^010 (18) 

define on V Lie algebra and Lie coalgebra correspondingly. It is easy to verify 
that (Jl 101, Son) form a Lie bialgebra. Inserting (|I7],|I^) into the equation 

^oii H101 = 

(m 00 o ® Atioi + Atioi ® m 00 o) (id <8> r <g> id) o (A 00 o ® <$on + £011 ® A 00 o) 

(19) 

one gets the relation that splits into four equations. Each of them describes 
the bialgebraic property of the corresponding pair (/xioo><W))> (a*ooij ^010)5 
(^100,^001)5 an d (/U0015 <5ooi)- The condition 3 guarantees these properties. 

Due to the result proved by P.Etingof and D.Kazhdan J?| the Lie bialgebra 
(a*ioi>^oii) can be quantized. The reasoning presented by N.Reshetikhin || 
shows that the corresponding Hopf algebras can be treated as deformation 
quantizations of (/2ioi, #on). in EHl ft was proved that these quantized objects 
form in TC an analytic subvariety T> x>y (x, y £ K) where parameters x, y 
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correspond to the trivial contractions of compositions /iioi and Son- This 
means that (at least when conditions exposed in subsection 2.2 are valid) we 
can pass to the set of bialgebras j (xflioi, 2/5oii) } that can be written as 

xfiwi =>• jSioi = ^Vooi + *A*ioo, (20) 

2/<W =>" #oii = ^%oi + ^<W (21) 

The corresponding quantizations V Xty = T>h,t,z',z" form in H the four-dimen- 
sional subvariety with analytic coordinates h,t,z',z" G K . Its boundaries 
contain the two-dimensional domains of classical objects - T>o yt ,z',o 3 U{Jx' 10l ) 
and T>h,o,o,z" 3F un (C(5on)) , where G^q-q) is the universal covering Lie group 
corresponding to the Lie coalgebra Sq U . 

Now let us equalize the parameters z' and z" 

T^h,t,z,z = T^h,t,z- 

Contrary to the four- dimensional picture in the three-dimensional domain 
T^h,t,z thus obtained the two-dimensional facets T> o t z and 2\o,z contain (in 
general) noncommutative and nonco commutative objects. The lower facet 
T^h,t,o corresponds obviously to the quantizations of initial Lie bialgebra 
(A, A*) = (t/^ioo, hS i ). Thus in the boundary of V h ^ z only two edge curves 
are classical: 

V hA0 3 Fun(G(M io))- 

The third edge - T> 0j0 z - is the "diagonal" of the bialgebra (/iooi> <W) quan- 
tizations. There always exists in T)h,t,z such a neighborhood of 2\t,o where 
Hopf algebras H 0tttZ ,Hh,o,z and i^o,o,z are (in general) nonequivalent to each 
other. Thus the curves T>q^,z and 2\o,z can be treated as nontrivial contrac- 
tions of H otz and H hQz ( H Q0 ^ being their common noncommutative and 
nonco commutative limit).* 

We have proved that given two ji- and two 5- compositions (Lie and 
co-Lie respectively) that form four Lie bialgebras and two first order defor- 
mations one can always construct the parameterized (by z ) set *Dh,t,z with 
the properties described in subsection 2.2. 

Note. The theorem holds also true after the interchange 

/^100 ^ /^OOl; 
^010 ^ <W- 
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This means that one really obtain two different three-dimensional pictures 
from the four-dimensional one. The two subvarieties of ordinary deformation 
quantizations 2\t,o,o and T^q,q, z >,z" can be treated on equal footing - one can 
use the "diagonal" from any of them.* 

5 Example 

The Theorem proved above can be used to construct the explicit examples of 
the analytic variety T>h,t,z and the vector fields corresponding to the deformed 
Lie-Poisson structure. 

Consider the 6-dimensional vector space V over C with the basis 

x ) Py ; Pz j ^yi ^z } • 

Fix the initial Lie bialgebra (A, A*) by the compositions 

/iioo = {c\ y y i x = 1, C\* tlx = 1, Cp y ylx = -1, Cj*, a = -l} , (22) 

Sow = {D\t y = i] ■ (23) 

Chose the following first order deforming functions for algebras A and A* 
respectively: 

Mooi = {CH Px = *} , (24) 

<W = {Dlfy = -1/2, D£P* = -1/2} . (25) 

It is easy to check that fi' wl and 5q U (see (pO| , pTD ) are Lie and co-Lie composi- 
tions for arbitrary complex parameters (z', t) and (z", h). Combined into four 
pairs -(/iioo, <W>), (/%u, ^oio), (a*ioo, <W) and (/i 00 i, <W)- - they form the 
four Lie bialgebras mentioned in the Theorem. 

The composition 5q 1X can be treated as the direct sum of Heizenberg and 
e(2) Lie coalgebras. This simplifies considerably the construction of quantum 

deformations of the Lie bialgebra (a* 10 d ^on)- The direct sum structure and 
the solvability of the coalgebra 5'qh makes it possible to use here the algorithm 
developed in |5| . The result is the four-dimensional variety Dh,t,z',z" of Hopf 
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algebras with the following multiplication and comultiplication : 

\Px,Py] = 0, 

\Pz,Px] = iz'Py, 
[Pz,P y ] = -ihH 2 sinh (z"p x ) , 
[lz,Q = Jfji sinh (z" hi z ) , 

[l x ,l y ]=q(c08k (Z"hl z )-1), 

[Px, k] = jrr (cosh (z"hl z ) - 1) , 
[Py, U = -|(1 + cosh {z"hl z ))p y - sinh (z"hl z ) exp (^;Px] 
[PzJx] =-\ (1 + cosh(z"/iZ 2 ))p 2 + /i 2 t (iZj, + ^ sinh (z"hl z fj exp (-^Px), 

[p x ,y = it sinh (z"hl z ) , 
by, U =/i 2 t 2 (cosh (z"M z ) exp (-£p x ) ~ ex P (~^W)) ~ i2 TPy sinn (^"^) > 



[p 2 , Z„] = §^"W (cosh (z"hl z ) - 1) exp (-^-Px) - 

-iz" 2 h 2 tl x exp (-^Px) - i^Pz smn { z "hl z ) , 
[Px,U = 0, 
by, ij = 0, 

[p 2 ,Z 2 ] = 2/itsinh (^Px) ; 

(26) 

Ap x = 1 ®p x +p x ® 1, 
Ap y = exp (-^Px) ®p y +p y ® exp (Cpx) , 

Ap z = exp y-^Vx) ®Pz+Pz® exp (^p x ) , (27) 
A/^, = l x ® cosh (z"hl z ) + 1 ® Z x — i^j/j/ <8> sinh (z"hl z ) , 
AZ y = Z y ® cosh (z"M z ) + 1 ® Z y + iz"l x ® sinh (z"/iZ z ) , 
A/ 2 = / 2 <g> 1 + 1 



Note that the z' parameter appears only in one of the defining relations (in 
the commutator [p z ,Px])- 

The two "classical" facets Vo^z'fi and T>h,o,o,z" of the variety T>h,t,z>,z" con- 
tain i?o,t,z',o ~~ the universal enveloping algebra of a Lie algebra (from now 
on we write down only the nonzero commutators and nontrivial cocommu- 
tators): 

\Pz,Px] = iz 'Py, 
[Z Z ,Z X ] = tl z , [PyJx] = -tp y , (28) 

[ly> ^x] tlyt [Pzi lx] ^Pzi 
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and an algebra Hhfi,o,z" of exponential coordinate functions of the group 
E(2) x E(2) . In the latter case the restriction Ajy of the coproduct in 
Hhooz" coincides with that of the general case and is presented by the rela- 



tions ( p7l) . 

The "lower" - 2\t,o,o _ and the "upper" - Poaz'.z" ~~ facets of T>h,t,z',z" 
look like the ordinary deformation quantizations. The points H^ q q refer to 
the quantizations of (/iioo, 5oio)-bialgebra with the defining relations 

[lz} lx\ tl Z} [Pyi lx\ ^ ^zi (29) 

^yi lx\ tlyi \Pzi lx\ tPz tly, 

Al x = l x ®l + l®l x - ihl y <g> l z . (30) 
While the points i?o,o,z',«" describe the quantized Heizenberg algebra 

[p z ,p x ] = iz'py, (31) 



(32) 



Ap y = exp f-^-pJ ®Py+p y ® exp f ^-Px) , 
Ap 2 = exp [~yPx) ®Pz+Pz® exp {^p x j ■ 

Now let us put z' = z" = z and consider the three-dimensional variety 
T>f l>tz .This means that we chose only the "diagonal" points in i?o,o,z',z" • The 
lower facet Hh,t,o,o rests unchanged and fixes the initial (in our interpretation 
the undeformed) Lie-Poisson structure - the Heizenberg Poisson algebra for 
the group G(/iioo) or the /ii o Poisson algebra for the Heizenberg group. 

The two-dimensional facets T>Q tz and T>h,o,z can no more be consid- 
ered as ordinary quantizations. Each of them have only one classical edge 
A),t,o £ ^o,t,z and I\o,o € 2\o,zj their common edge £>o,o,z refers to the 
quantized Heizenberg algebra #0,0,2 (defined by (|3l|j32] ) with z' = z" = z ). 



Thus considering the parameter z in the variety T>h,o,z as the deformation 
parameter we see that in the Hopf algebras ff^ > 

\P Z ,P X ) = IZPy, 

Ap y = exp (-%p x ) ®Py+P v ® exp Up x \ , 
Ap z = exp (-§Px) ® + Vz ® exp (fp^J , (33) 
Al x = l x (g) cosh (zhl z ) + 1 <8> L — i-Zy ® sinh (zhl z ) , 
AZ y — l y ® cosh {zhl z ) + I ®l y + izl x ® sinh (zhl z ) , 
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not only the multiplication but also the comultiplication is deformed. The 
same is true also for H ot z : 



(34) 



exp \^p Xj 

This property of T>h,o,z and T>o,t,z resembles that of the quantized version of 
the cotangent bundle || where the multiplication on Fun(T*G) is deformed 
simultaneously with the group G > T* itself. Note that in our case the Hopf 
structure is preserved. 

The varieties T> h t ~ with fixed z = z ^ are especially interesting for us. 
Their boundaries lie in T> h0 ~ and T> ot ~ . The internal points H ht ~ can be 
interpreted as quantizations of H 1 ~ by H h ~ and z measures the difference 
between the canonical - T>h,t,o - and deformed - T> ht ~ - pictures. It is 
evident that Hopf algebras H 1 ~ (see ([H],[!2|) are inequivalent to the quantized 
Heizenberg algebra H 00 ~ . The same is true for H h ~ and H ~. Thus 
the boundaries T> h ~ and T> Q t ~ can be treated as the nontrivial contraction 
curves with the common contraction limit V Q Q ~ . 

In the initial variety T>h t $ the Lie-Poisson structure is defined by the 
tangent fields Vo^o: 

5{l x ) = -il y A l z , (35) 

and W h ,o,o : 

AH^Z) lx) = lz, l^y'yt lx) = lyi ("XP^ 

KPy, Q = ~Py, V(Pz, lx) = ~Pz + ih 2 l y . 

In the deformed case the field V ot ~ contains both multiplication and comulti- 
plication components. To simplify the comparison with Vo,t,o we shall present 
the first terms of its power series expansion in z and t : 

^l z ,l y ) = \tzH 2 z + ... ) 

H(p x ,ly) =Uzl z + 

n(Py,ly) = ~\^l z Py + 

^p z j y ) = -±m zPz + ..., (37) 

H(PzJz) = tzp x + 

5{l x ) = -Hy A l z + 
8(ly) = iz 2 ^ A l z + ... . 
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The field Vo,t,o is reobtained in the limit lim~_^ V 1 ~ = Vo,t,o • The co- 
Poisson structure defined by Vo,t,o is deformed to describe the correlation 
between the possible additional quantization of H 1 ~ and the deformation of 
its multiplication structure constants. 

The field W h ~ does not obtain the additional components in the coprod- 
uct sector: 

V>(Pv> lx) = ~Py + ••■) Q = -p 2 + ih 2 l y + 

yufe, Z x ) = |^ 2 ^ + /i^, Z„) = ihzl z + (38) 

A*(Pv> l y) = -^hz^hpy + //(p z , ly) = -\hz^l z p z + 

fJ>(Pz,lz) = hzp x + ... . 

Considered as function of z the field Wh,o,z describes the explicit dependence 
of the Poisson algebra on the quantization of the group i?o,t,z where z now 
plays the role of the deformation parameter. 
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